Abstract. The purpose of this paper is to present general relativistic cosmological hydrodynamic equations in Newtonian-like forms using the postNewtonian (PN) method. The PN approximation, based on the assumptions of weak gravitational fields and slow motions, provides a way to estimate general relativistic effects in the fully non-linear evolution stage of the large-scale cosmic structures. We extend Chandrasekhar's first-order PN (1PN) hydrodynamics based on the Minkowski background to the one based on the Robertson-Walker background. We assume the presence of Friedmann's cosmological spacetime as a background. In the background we include the 3-space curvature, the cosmological constant and general pressure. In the Newtonian order and 1PN order we include general pressure, stress, and flux. We show that the Newtonian hydrodynamic equations appear naturally in the 0PN order. The spatial gauge degree of freedom is fixed in a unique manner and the basic equations are arranged without taking the temporal gauge condition. In this way we can conveniently try alternative temporal gauge conditions depending on the mathematical convenience. We investigate a number of temporal gauge conditions under which all the remaining variables are equivalently gauge invariant. We show that compared with the action-at-a-distance nature of the Newtonian gravitational potential, 1PN corrections make the propagation speed of a perturbed potential dependent on the temporal gauge condition; we show that to 1PN order the physically relevant propagation speed of gravity is the same as the speed of light. Our aim is to present the fully non-linear cosmological 1PN equations in a form suitable for implementation in conventional Newtonian hydrodynamic 
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Cosmological non-linear hydrodynamics with post-Newtonian corrections simulations with minimal extensions. The 1PN terms can be considered as relativistic corrections added to the well-known Newtonian equations. The proper arrangement of the variables and equations in combination with suitable gauge conditions would allow for possible future 1PN cosmological simulations to become more tractable. Our equations and gauges are arranged for that purpose. We suggest ways of controlling the numerical accuracy. The typical 1PN order terms are about 10 −6 -10 −4 times smaller than the Newtonian terms. However, we cannot rule out the possible presence of cumulative (secular) effects due to the time-delayed propagation of the relativistic gravitational field with finite speed, in contrast to the Newtonian case where changes in the gravitational field are felt instantaneously. The quantitative estimation of such effects is left for future numerical simulations. If the reader is interested in the applications of 1PN equations, she/he may go directly to section 4 of the paper after reading the introduction.

Introduction
The non-linear evolution of large-scale cosmic structures is usually investigated within the framework of Newtonian theory either in analytic studies or numerical simulations. Without investigating general relativistic effects, however, it is not clear whether the Newtonian theory is sufficient for handling such large-scale cosmological structures. If we regard Einstein's gravity theory to be the correct framework on such cosmic scales, the relativistic effects should exist always. The point is to which level we can practically ignore relativistic correction terms considering currently available levels of observations and numerical experiments. Provided that relativistic or non-linear effects are not large, we have two well-known ways to estimate relativistic effects: one is the relativistic perturbation approach [1] - [3] , and the other is using the post-Newtonian (PN) approximation [4] - [9] .
In the perturbation study, we have recently systematically investigated the weakly non-linear regimes based on Einstein's gravity. We showed that, except for the gravitational wave coupling, the relativistic perturbation equations for the density and velocity perturbation equations of zero-pressure irrotational fluid in near flat background coincide exactly with the Newtonian ones up to the second order [10, 11] . In [12] we presented results of second-order perturbations relaxing all the assumptions made in our previous works in [11] . We derived the general relativistic correction terms arising due to (i) pressure, (ii) multi-components, (iii) background curvature, and (iv) rotation. In the case of multi-component, zero-pressure, irrotational fluids under the flat background, we effectively do not have relativistic correction terms in the density and velocity perturbation equations; thus the relativistic equations of the density and velocity perturbation equations again coincide with the Newtonian ones. In the other three cases we generally have pure general relativistic correction terms. In the case of pressure, the relativistic corrections appear even at the level of background and linear perturbation equations. In the presence of background curvature, or rotation, pure relativistic correction terms directly appear in the Newtonian equations of motion of density and velocity perturbations to the second order. In the small-scale limit (far inside the horizon), relativistic equations including the rotation coincide with the ones in Newton's gravity. In the zero-pressure case, the pure relativistic correction terms appear in the third order. As long as the perturbation method is applicable, these pure general relativistic third-order terms in the density and velocity perturbation equations turn out to be independent of the horizon scale and small (∼10 −5 order) compared with
JCAP03(2008)010
Cosmological non-linear hydrodynamics with post-Newtonian corrections the second-order Newtonian/relativistic terms [13] . This is again true even in the multicomponent zero-pressure fluids situation [14] . All analyses in [10, 11, 13, 12, 14] include the cosmological constant in the background world model. Our studies have shown, from the viewpoint of Einstein's gravity, that Newtonian gravity is practically reliable near the horizon scale where structures are supposed to be weakly non-linear. Therefore, our works on general relativistic weakly nonlinear perturbation theory justify the use of Newtonian physics in current large-scale numerical simulations which cover the Hubble volume. Considering the action-at-adistance nature of Newton's gravity our result is a rather surprising one because the relativistic perturbation theory is applicable in fully relativistic situations, and thus on all scales including the super-horizon scale. Thus, our perturbation study ensures that to the weakly non-linear order, Newtonian theory is reliable even near and beyond the horizon scale. Here, we note that in the perturbation approach we have shown the relativistic/Newtonian correspondence to the second order without using the Newtonian gravitational potential (or the relativistic metric potentials) which cannot be identified to the second order. In the case where Newtonian simulations rely on using the gravitational potential directly, it is unclear whether using the Newtonian potential could lead to difference between relativistic and Newtonian approaches even to the second order. This is an interesting point which requires examination of the basic equations used in Newtonian simulation in practice. However, from the analytic point of view, for an irrotational flow the gravitational potential of Newton's gravity can always be replaced by the density using the Poisson equation, and thus can be removed in the momentum conservation equation. Indeed, the well studied cosmological quasi-linear analysis in the Newtonian context does not involve the gravitational potential in the basic set of equations; see [15] . Now, how about situation in the non-linear regime on scales much smaller than the current horizon? On such scales the structures could be in a fully non-linear stage. However, if the relativistic gravity effect is small we can apply another approximation scheme which is well developed for handling isolated bodies in Einstein's theory: the PN approximation. The PN approximation has been important for testing Einstein's gravity. It presents the relativistic equations in a form similar to that of the well-known Newtonian equations. In the PN method, by assuming that the relativistic effects are small, we expand relativistic corrections in powers of v/c. In nearly virialized systems we have GM/(Rc 2 ) ∼ (v/c) 2 . Thus, the PN approximation is applicable in the slow motion and weak gravitational field regime. The first-order PN (1PN) approximation corresponds to adding relativistic correction terms of the order (v/c) 2 to the Newtonian order terms. In this approach we recover the well-known equations of Newtonian hydrodynamics in the 0PN order [5] . The PN approximation is suitable to use in studying systems in which Newtonian gravity plays a dominant role, while the relativistic effects are small but non-negligible. Well-known applications include the precession of Mercury's perihelion, and various solar system tests of Einstein's gravity theory like light deflection [16] . Recent successful applications include the generation of gravitational waves from compact binary objects, and the weakly relativistic evolution stages of isolated systems of celestial bodies [17] . Another important application is in relativistic celestial mechanics, which is required by recent technology driven precise measurements of the solar system bodies [18, 19] . Notice that all these applications are based on the PN approximation of isolated systems assuming the Minkowski background spacetime.
Cosmological non-linear hydrodynamics with post-Newtonian corrections
The cosmological post-Newtonian approximation was studied in the literature in [20] - [23] . In this work on the cosmological PN approximation we assume the presence of a Robertson-Walker background. Thus, we have the Friedmann world model built in as the background spacetime. We will show that the Newtonian hydrodynamic equations come out naturally in the 0PN order which is the Newtonian limit. In the context of cosmic large-scale structures PN effects could be essentially important in handling gravitational waves and gravitational lensing effects. It is well known that Newtonian order treatment of the gravitational lensing shows only half of the result from Einstein's theory which is due to ignoring the 1PN correction in the metric. We also anticipate that PN correction terms could affect the dynamic evolution of large-scale structures, especially considering the action-at-a-distance nature of the Newtonian theory. This can be compared with the relativistic situation in which the gravitational field propagates with finite speed; in this work we will show that it propagates with the speed of light; see section 7. In this work we present the complete set of hydrodynamic equations for studying 1PN effects in the cosmological context. The PN approach can be compared with our previous studies of the weakly non-linear regime based on the perturbation approach which is applicable in the fully relativistic regime and on all scales. In comparison, although the PN equations are applicable in weak gravity regions inside the horizon, these are applicable in fully non-linear situations. Thus, the two approaches are complementary in enhancing our understanding of the relativistic evolutionary aspects of the large-scale structures in the universe.
In the PN approximation we attempt to study the equations of motion and the field equations in Einstein's gravity in the Newtonian way as closely as possible. The Newtonian and post-Newtonian equations of motion follow from the energy-momentum conservation. The Newtonian order potential and 1PN order metric variables are determined by Einstein's equations in terms of the Newtonian matter and potential variables. Thus, the metric (or relativistic) contributions are reinterpreted as small correction terms to the wellknown Newtonian hydrodynamic equations. The Newtonian equations naturally follow in the 0PN order; see equations (106)-(108). The form of 1PN equations is affected by our choice of the gauge conditions. In this work we take unique spatial gauge conditions which fix the spatial gauge modes completely; under these spatial gauge conditions the remaining variables are all equivalently spatially gauge invariant; see section 6. The temporal gauge condition (slicing condition) will be deployed to handle the mathematical treatment of the equations conveniently. We show how to choose the temporal gauge condition which also removes the temporal gauge mode completely. Under each such temporal gauge condition the remaining variables are equivalently (spatially and temporally) gauge invariant. We arrange the equations and the potential temporal gauge conditions in such a way that the final form of equations is suitable for numerical implementation in conventional cosmological hydrodynamic simulations.
We present basic quantities and the derivation of our 1PN equations in sections 2 and 3. If the reader is more interested in the application of the 1PN equations, she/he may wish to note that the basic set of cosmological 1PN equations is summarized in section 4. Thus, unless the reader is interested in the detailed derivation of 1PN equations, she/he may go directly to section 4 which is presented in a self-contained form. In section 5 we present the null geodesic equations and the geodesic equation of a massive body in the context of the 1PN metric. The gauge issue is expounded in section 6. In section 6 we 
Cosmological non-linear hydrodynamics with post-Newtonian corrections find that the propagation speed of the gravitational potential depends on the temporal gauge choice. In section 7 we resolve the propagation speed issue of the relativistic gravity by showing that the naturally gauge-invariant electric part of the Weyl tensor propagates with the speed of light; a striking similarity with electromagnetism is explained. We discuss our results and several issues in section 8.
Basic quantities
Curvature
As the cosmological metric valid to the 1PN order, we takẽ
where x 0 ≡ ct, and a(t) is the cosmic scale factor of the background Friedmann world model. Indices a, b, c, . . . indicate spacetime, and i, j, k, . . . indicate space. Tildes indicate spacetime covariant quantities, i.e. spacetime indices of quantities with tilde are raised and lowered with the spacetime metricg ab . The spatial index of P i is based on γ ij in raising and lowering indices with γ ij , an inverse of γ ij . The metric γ ij is the comoving (timeindependent) spatial part of the Robertson-Walker metric; for several representations; see equation (2) in [24] . In a flat Robertson-Walker background γ ij could become δ ij if we take Cartesian coordinates. (Compared with our previous notation used in perturbation studies in [10] , we set the comoving part of the 3-space background metric g (3) ij ≡ γ ij and use some of the italic indices to indicate the space.)
In the metric convention we are following Chandrasekhar and Nutku's notation [5, 7] extended to the cosmological situation; see also Fock [4] . The 2U/c 2 term ing 00 gives the Newtonian limit, and if we ignore all the Newtonian and post-Newtonian correction terms we have the Robertson-Walker spacetime; see equations (106)-(108) for the Newtonian limit, and equations (101)-(104) for the Robertson-Walker limit. Thus, our PN formulation is built on the cosmological background spacetime. O −n indicates (v/c) −n and higher order terms that we ignore. The expansion in equation (1) is valid to 1PN order [5] . The dimensions are as follows:
where L and T indicate the length and the time dimensions, respectively. In our metric convention in equation (1) we have ignored the possible presence of (1/c 2 )(2C ,i|j + C i|j + C j|i )-like terms ing ij with C i |i ≡ 0 by choosing the spatial C-gauge conditions (C ≡ 0 ≡ C i ) which remove the spatial gauge mode completely; this will be explained in section 6; a vertical bar indicates the covariant derivative based on γ ij . Under such spatial gauge conditions, we can equivalently regard all our remaining PN variables as spatially gauge-invariant ones; see section 6. We still have the freedom to take the
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Cosmological non-linear hydrodynamics with post-Newtonian corrections temporal gauge condition which will be chosen later depending on the mathematical simplification or feasibility of physical interpretation of the problem under consideration; see section 6: in the perturbation approach we termed this a gauge-ready approach [25] . We also have ignored the spatially trace-free-transverse part of the metric (C ij with C i i ≡ 0 ≡ C j i|j ) because gravitational waves are known to show up from the 2.5PN order [8] . For the most general form of the metric, see equation (158). While it is true that the gravitational waves arise from the weakly relativistic fluid only at the 2.5PN order, the primordial gravitational waves generated in the early acceleration (inflation) phase can be independently present at the linear perturbational order; here we ignore such gravitational waves with cosmological and other astrophysical origins.
The inverse metric becomes
The determinant of the metric tensorg is
where γ is the determinant of γ ij . The connection is
where Γ (γ)i jk is the connection based on γ ij ; we introduce P (i|j) ≡ 1 2
(P i|j + P j|i ) and 
It is convenient to have
where K indicates the comoving (time-independent) part of the background spatial curvature with dimension [K] = L −2 ; using a, K can be normalized to become 0 or ±1. The Ricci curvature and the scalar curvature becomẽ
where Δ is the Laplacian based on γ ij .
Cosmological non-linear hydrodynamics with post-Newtonian corrections 
To 1PN order we havẽ
Here we encounter non-vanishing traces involving K terms, likẽ
whereas
Apparently, equation (11) . This point will be resolved later as we show in section 3.2 that the K terms should be regarded as O −2 higher order terms in the PN expansion; see below equation (93). Until we reach such a conclusion about the character of the K term we will keep the K terms in our equations.
Energy-momentum tensor
The normalized fluid 4-vectorũ a withũ aũ a ≡ −1 gives, to 1PN order,
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where the index of v i is based on γ ij and v 2 ≡ v i v i ; v i corresponds to the peculiar velocity field. The energy-momentum tensor is decomposed into fluid quantities as follows [26] :
The energy densityμ (≡˜ c 2 +˜ Π ) is decomposed into the material energy density˜ c 2 and the internal energy density˜ Π ;p,q a , andπ ab are the isotropic pressure, the flux, and the anisotropic stress, respectively. We haveq aũ a ≡ 0,π abũ b ≡ 0,π c c ≡ 0, andπ ab ≡π ba ; thus
We introduceq
where indices of Q i and Π ij are based on γ ij . We takeq a andπ ab to have post-Newtonian orders as introduced in equation (17); see for example [27] . This will be justified by the energy conservation equation in the Newtonian context which will be derived later; see equation (109). In a strictly single-component situation we can always remove Q i by following the fluid element. However, there exist situations where we have the additional flux terms present even when we follow the fluid elements; the fundamental origin of such flux terms can be traced to the presence of additional components in the energymomentum tensor. Thus, in our case it is more general and convenient to keep the flux terms separately. Up to the 1PN order the conditionπ c c ≡ 0 gives
We also set˜
The dimensions are as follows: 
We havẽ
Fluid-frame kinematic quantities
The projection tensorh ab based on the fluid-frame 4-vectorũ a is defined as
The kinematic quantities are defined as [26] 
where we haveũ
The kinematic quantitiesθ,ã a ,σ ab , andω ab are the expansion scalar, the acceleration vector, the shear tensor, and the vorticity tensor, respectively.
To 1PN order, the projection tensor becomes
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The kinematic quantities becomẽ
Fromũ cã c ≡ 0 andũ bθ ab ≡ 0 we havẽ
and similarly forσ 0a andω 0a . The electric and the magnetic parts of the Weyl (conformal) tensor are introduced as [26] 
where we introduced 
These equations follow from the Bianchi identity [26, 28, 10] .
Normal-frame kinematic quantities
The normal-frame 4-vectorñ a , which is normal to the space-like hypersurfaces, is defined asñ i ≡ 0 with a normalizationñ añ a ≡ −1. To 1PN order we havẽ 
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On settingũ i ≡ 0 in equation (13) we recover the normal vector; thus
where v i is, say, the velocity of the normal-frame vector. The projection tensor based oñ n a becomesh
Kinematic quantities based onñ a becomẽ
. The electric and the magnetic parts of Weyl tensor based onñ a givẽ
Thus,Ẽ 
ADM quantities
In the Arnowitt-Deser-Misner (ADM) notation the metric and fluid quantities are [29] 
where N i , J i and S ij are based on h ij as the metric, and h ij is the inverse metric of h ij .
JCAP03(2008)010
The extrinsic curvature is
where indices of K ij are based on h ij ; a colon ':' denotes the covariant derivative based on h ij with Γ
To the 1PN order we have
Cosmological non-linear hydrodynamics with post-Newtonian corrections A complete set of ADM equations will be presented in section 3.3. As we will explain in that section, using the quantities in equations (52)-(56), the ADM equations provide another (probably an easier) complementary way to derive the 1PN equations.
Derivations
Equations of motion
Using equation (21) the energy and momentum conservation equations give
where
For Q i = 0 = Π ij , V = U, a = 1 and γ ij = δ ij these equations reduce to equations (64) and (67) in Chandrasekhar [5] . Equation (57) can be written in another form as
with a 3 √ γ the background part of √ −g. This corresponds to equation (117) in Chandrasekhar [5] ; see also equation (44) in [6] . The mass conservation (continuity)
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Thus, if we assume the mass conservation, equation (60) gives
The specific entropy is introduced asT dS = d(Π/c 2 ) +p/c 2 d(1/˜ ); thus along the flow we havẽ
This shows that for an adiabatic fluid flow the LHS of equation (63) vanishes; this also makes the RHS vanish, which is naturally required for an ideal fluid. According to Chandrasekhar [6] : 'the conservation of mass and the conservation of entropy are not independent requirements in the framework of general relativity. And the reason for their independence in the Newtonian limit is that in this limit ('c 2 → ∞') (our equation (62)) reduces simply to the equation of continuity'.
In [30] Blanchet et al suggested using the following new combination of variables instead of v i :
which becomes
Notice that v * i is directly related to the ADM flux vector in equation (56)
EquationT b i;b = 0 can be written as follows:
Cosmological non-linear hydrodynamics with post-Newtonian corrections and we have
Thus, equation (68) can be arranged in the following form:
where the third line vanishes in an adiabatic ideal fluid.
To the O −0 order, equations (57) and (58) give the Newtonian mass and momentum conservation equations, respectively
Thus, we naturally have the Newtonian equations to 0PN order; e.g. see [21, 31] . This can be compared with the situation in the perturbation approach where the Newtonian correspondence can be achieved only after suitable choice of different gauges for different variables, thus being a non-trivial result even to the linear order in perturbation approach [3, 32] . Equations (71) and (72), as well as all the 1PN equations in this work, are fully non-linear.
In the Friedmann background we set the PN variables U, Φ, P i , V , v i , Q i , and Π ij equal to zero, and set
Equations (57) and (62) givė
On subtracting the background part, equation (57) becomes
Einstein's equations
We take Einstein's equations in the form
The dimensions are as follows:
where M indicates the dimension of mass. To 1PN order, equations (8) and (21) give
where equations (78) (80) in order to get the correct Friedmann background equation. To be consistent, we also need to keep the LHS to O −4 which will explicitly involve 2PN order variables. But we do not need such efforts for our background subtraction process because all the O −4 order terms involve PN order variables, which do not affect the Friedmann background.
Our PN approximation is based on the Friedmann background world model. In order to get the Friedmann background we set U, Φ, P i , V , v i , Q i , and Π ij equal to zero, and set = b , Π = Π b , and p = p b . Then, equations (78) and (80) give
These can be arranged to givë
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To O −2 order, equation (85) gives
which is Poisson's equation in Newton's gravity. Notice that in the Newtonian limit of our PN approximation the homogeneous part of the density distribution is subtracted. This revised form of Poisson's equation is consistent with Newton's gravity, and in fact, is an improved form avoiding Jeans' swindle and allowing a proper derivation of the Newtonian cosmology consistent with the relativistic cosmology [33] . The decomposition of equation (87) into trace and trace-free parts gives
Thus, compared with equation (88), ignoring the K term (see below), we have
where we ignored any surface term S with ΔS ≡ 0 and S ,i|j ≡ 0. As we mentioned below equation (84), the K term can be regarded as O −2 higher in the PN expansion; thus, the bare K terms in our PN equations can be duly ignored to 1PN order. Notice that we have V = U even in the presence of anisotropic stress; this differs from the situation in the perturbation approach where U and V in the zero-shear gauge (setting P i |i = 0; see later) are different in the presence of the anisotropic stress [3] . For later use we take a divergence of equation (86) which gives
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Cosmological non-linear hydrodynamics with post-Newtonian corrections where the last term containing a K term can be ignored because it is O −2 higher order in PN expansion.
Here, we would like to more properly address the issue related to the background curvature term in our PN approach. On taking a divergence of equation (86) and using equations (88), (89), and (71) we have
which is apparently inconsistent. This is because the K term is related to the c −2 higher order terms in the background Friedmann equation in equation (84). On expanding the equation to 2PN order, the bare K terms (i.e., without the c 2 factor) in the above 1PN equations can be removed by subtracting the background equation; this is true for all the K terms appearing in our 1PN equations. In this sense, in our PN approximation we should regard the K term as already O −2 higher order, and thus the bare K terms can be ignored to 1PN order. The remaining equations are valid to 1PN order considering general background spatial curvature. Recent observations favour the flat background world model with non-vanishing cosmological constant. We include both the background spatial curvature and the cosmological constant in our PN approximation which appear explicitly only in the background Friedmann equations.
ADM approach
The ADM equations are [29, 3, 10 ]
Using the ADM quantities presented in section 2.5 we can show that equations (94) 
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Complete equations to 1PN order
Here we summarize the complete set of equations valid to 1PN order in the cosmological situation. We arrange this section so that the reader who is interested in the applications can easily reach the 1PN equations and the gauge issue by reading this section together with the introduction and discussion sections only.
Background order: Friedmann world model
Ignoring all the 0PN (Newtonian) and 1PN order variables we have the background Friedmann world model based on the Robertson-Walker metric. Equation (1) gives the Robertson-Walker metric
Several representations of γ ij can be found in equation (2) of [24] . Equations (73), (74), (83), and (84) provide equations describing the background Friedmann world model
. Apparently, we include the spatial curvature K and the cosmological constant Λ. In equations (101)-(103) only two are independent. From equations (103) and (104) we have bΠb + 3(ȧ/a)p b = 0. The background variables a, b , and Π b can be derived by solving these equations; in order to close the system, the spatial curvature K and cosmological constant Λ should be specified, and the pressure p b should be provided by an equation of state.
0PN order: Newtonian hydrodynamics
To the 0PN (Newtonian) order, the metric in equation (1) becomes
To the 0PN order, equations (71), (72), and (88) give
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These are exactly the Newtonian hydrodynamic equations with gravity. In the Newtonian case energy conservation and mass conservation provide an additional equation which is (equation (63))
In the non-expanding background this equation gives the well-known energy conservation equation in the Newtonian theory; see for example equation (2.36) in [34] . It is remarkable that the complete Newtonian hydrodynamics is already built in as the 0PN order approximation of Einstein's gravity [5, 21, 31] . The above equations show that this is true even considering the pressure, anisotropic stress, flux, and internal energy. The Newtonian order hydrodynamic equations are valid in the presence of general background curvature K and the cosmological constant Λ. The K and Λ terms do not appear explicitly in the hydrodynamic equations, and appear only in the background equations; as we will show, this is true even to 1PN order.
1PN order: post-Newtonian cosmological hydrodynamics
To the 1PN order the metric in equation (1) becomes
It is well known that in order to handle light propagation properly we need to include the V term which is a 1PN order term. On ignoring this 1PN order term, and thus considering only the Newtonian order U term as in equation (105), we have the well-known factor 2 missing in the Newtonian theory of light deflection compared with the Einstein's gravity prediction: see equation (149). To 1PN order we have V = U; see equation (91). The energy and the momentum conservation equations valid to 1PN order are derived in equations (75) and (58). These are
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where we used equation (62). To the Newtonian order, equations (114) and (115) for and v i reduce to equations (106) and (107), respectively. From equations (60) and (70) we can derive alternative forms
The hydrodynamic and thermodynamic variables p, Q i and Π ij should be provided by specifying the equations of state and the thermodynamic state of the system under consideration. The metric variables U, Φ and P i can be expressed in terms of the matter (fluid) variables , v i , Π, p, Q i and Π ij by using Einstein's equations. Equations (85),
Cosmological non-linear hydrodynamics with post-Newtonian corrections and (86) give
Notice that to 1PN order Einstein's equations do not involve the anisotropic stress or flux term. The K terms disappear because these can be removed by subtracting the background order equations; see below equation (93). All the 1PN order equations are valid for general K and Λ both of which appear explicitly only in the background equations. To 0PN order, equation (119) gives
which determines the Newtonian gravitational potential U. After determining U, to 1PN order equation (119) determines Φ. Our conservation equations in equations (111) and (112) containU terms. In order to handle these terms it was suggested in [22] that the following Poisson-type equation provides better numerical accuracy. From equation (92) we have
which also follows on taking a time derivative of equation (108), and using equations (106) and (104). We also have aÜ term in equation (119) which can be handled by using the following Poisson-type equation:
This equation follows by taking a time derivative of equation (122) and using equations (106), (107), and (104). Notice that, whereas only the spatial gradient of the potential U appears in the Newtonian limit, we have bare U terms present in the 1PN order which could be troublesome in the numerical treatment [35] . In order to handle these equations we have the freedom to take one temporal gauge condition. This corresponds to imposing a condition on P i |i or Φ-preferably on P i |i as we will explain later; see below equation (180). For convenience, in table 1 we summarize several temporal gauge conditions. In order to solve the 1PN equations one may take any one temporal gauge condition suggested in table 1. As any one of these gauge conditions fixes the temporal gauge transformation completely, any remaining variable corresponds to a unique temporally gauge-invariant combination using the variable and the combination used as the temporal gauge condition; see section 6.1. Similarly, our equations are already
Cosmological non-linear hydrodynamics with post-Newtonian corrections based on certain spatial gauge conditions (there are three spatial gauge degrees of freedom) which fix the spatial gauge transformation properties completely. Thus all variables can be equivalently regarded as spatially gauge-invariant ones; see equation (182). In this way, after taking any one temporal gauge condition in table 1, all the variables in our set of 1PN equations can be regarded as (fully) gauge invariant. Gauge related issues will be addressed in detail in section 6. The presence of gauge degrees of freedom should not be regarded as problematic. On the contrary, our freedom to choose the gauge condition is rather an advantage because we can strategically use it to make the equations simpler depending on the situation. Furthermore, since the value of any gauge-invariant variable should be independent of the gauge conditions that we take, by solving a given problem in two different gauges independently, we can check and control the numerical accuracy; see section 6. As is often the case in the gauge theory, the best gauge choice is usually not known a priori. Thus, we suggest trying various gauge conditions even for a given problem, and finding the best one by experience. In fact, it is often the case that even for a given problem different aspects of the problem can be best described using different gauge conditions. Several suggested gauge choices are summarized in table 1.
For convenience we present the symbols used in our 1PN equations in table 2.
Ideal fluid case
We consider an ideal fluid, i.e. Q i ≡ 0 ≡ Π ij , and assume that the adiabaticity condition in equation (109) applies. Thus, the internal energy is determined by the energy conservation equation
To the background order we have equations (101)-(104). To the Newtonian order we have equations (106)- (109). Equations (111) and (112) become
where σ is given in equation (113). These equations can be written as
Alternative forms follow from equations (116) and (117):
All these equivalent three sets of equations are written in Eulerian forms. Einstein's equations in (119)-(122) will provide the metric perturbation variables U, Φ and P i in terms of the fluid variables ( , v i , Π, and p), after taking one temporal gauge
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Cosmological non-linear hydrodynamics with post-Newtonian corrections condition summarized in table 1 or others. The pressure term should be provided by an equation of state. In the case of a zero-pressure fluid with vanishing internal energy we can set p = 0 = Π. We can take any set of equations of motion and temporal gauge condition depending on the physical interpretation or mathematical convenience in numerical treatments. All the 1PN equations in this section are valid considering K and Λ.
Geodesic equations
Here, we present the geodesic equation for a massive particle, and the null geodesic equation for the photon or a massless particle. Equations are presented without taking the temporal gauge condition.
Geodesic for a massive particle
The geodesic equation is given as
This equation follows from the energy-momentum conservation equationT b a;b = 0 without pressure, stress and flux; thusp = 0 =Π ab andq a = 0 in equation (14) . Thus, we naturally anticipate that the geodesic equation is a case of our momentum conservation equation in equation (58) in the limit of vanishing pressure, stress and the flux, i.e., for a dust test particle. Still, in the following we derive the geodesic equation to 1PN order.
Usingũ
equation (132) can be written in a usually known form of the geodesic equation as
Thus, ds = dx 0 /ũ 0 , and we have
where x 0 ≡ ct. Equation (134) leads to
From equation (13) we have
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To the Newtonian order in a flat Minkowski background, and thus with a = 1 and Γ
thus recovering the Newton's gravity. Using
equation (138) can be written aṡ
As it should do, this equation coincides with the momentum conservation equation in equation (115) with vanishing pressure, stress and flux. We may set V = U without losing any generality.
Null geodesic equation
We introduce the null 4-vector
where λ is an affine parameter along the geodesic. The geodesic and null equations are, respectively,k
We introducẽ
where ν is the frequency, and the latter relation follows from
Using the metric in equation (1) the null equation gives
To the background order we have ν ∝ 1/a which is interpreted as the cosmological redshift.
The i-component of the geodesic equation, together with the 0-component and the null equations, leads to
To the leading order in a flat Minkowski background, we have
Compared with the Newtonian equation of motion in equation (139) we have the wellknown additional factor 2 in the case of light bending in Einstein's gravity; notice that the additional factor is caused by the 1PN effect of the V term in equation (148). We emphasize that to the proper 1PN order in the cosmological background the null geodesic is described by equations (146), (147) and (148). We may set V = U without losing any generality. In a flat Minkowski background we set a = 1 and γ ij = δ ij ; thus Γ
we have
Equations (146), (147) and (148) can be written as 
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Gauge transformation
We consider the following transformation between two coordinates x a andx a :
For a tensor quantity we use the tensor transformation property, between x a andx a coordinates,t
Comparing tensor quantities at the same spacetime point, x a , we can derive the gauge transformation property of a tensor quantity (see equation (226) in [10] ):
We consideredξ a to the second perturbational order which will turn out to be sufficient for the 1PN order. In the following we will consider the gauge transformation properties of the metric (metric tensor) and the fluid (energy-momentum tensor) variables.
As the metric we consider the following more generalized form:
where C i is transverse (C (158) we introduced 10 independent metric components: U and Φ together (1-component; U and Φ correspond to the Newtonian and 1PN order metric variables, respectively),
, and C ij (2-components). It is known that gravitational waves show up in the 2.5PN order [8] . Thus, we ignore the transverse and trace-free part, i.e. set C ij ≡ 0 to 1PN order.
We wish to keep the metric in the form of equation (158) in any coordinate system. Thus, we take the transformation variableξ a to be a PN order quantity. We consider coordinate transformations which satisfỹ
where the indices of the ξ (2)i s are based on γ ij .
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The gauge transformation of equation (157) applied to the metric giveŝ
Equations (160) and (161) follow from the transformation ofg 00 ; equations (162) and (163) follow fromg 0i ; equations (164)- (166) follow fromg ij . Equation (162) shows that ξ (2)0 is spatially constant,
After this, equation (164) gives
Thus, by choosing C ≡ 0 (ΔC ≡ 0 is enough) as the gauge condition (this implies that we set C = 0 to be valid in all coordinates), we have
Imposing the conditions in equations (167) and (169), equation (165) giveŝ
Thus, by choosing C i ≡ 0 to be valid in all coordinates, i.e. choosing C i ≡ 0 as the gauge condition, we have
Under the conditions in equations (167) and (171) the remaining metric perturbation variables transform aŝ
Notice that for non-vanishing ξ (2)0 , U and V transform differently under the gauge transformation even in the flat cosmological background. Since the spatially constant ξ (2)0 can be absorbed by a global redefinition of the time coordinate, without losing generality we can set ξ (2)0 equal to zero:
thus allowing V = U in any coordinate. If we set ξ (2)0 = 0 but do not take the spatial gauge which fixes ξ (2) i , from equations (160) to (166), the metric variables transform aŝ
Taking the spatial gauge conditions C = 0 = C i we have ξ
, and the remaining metric perturbation variables transform aŝ
In the perturbation analysis we call C ≡ 0 ≡ C i the spatial C-gauge [10] . Apparently, under these gauge conditions the spatial gauge transformation function to 1PN order, ξ
i , is fixed completely, i.e. ξ (2) i = 0. On taking such gauge conditions, the only remaining gauge transformation function to 1PN order is ξ (4) 0 . This temporal gauge transformation function affects only Φ and P i .
If we take Φ ≡ 0 as the temporal gauge condition, we haveξ (4)0 = 0; thus ξ (4)0 does not vanish even after imposing the temporal gauge condition and has general dependence on the spatial coordinate as ξ (4) 0 (x). Thus, in this gauge, even after imposing the temporal gauge condition the temporal gauge mode is not fixed completely; this situation is similar to the temporal synchronous gauge one which sets the perturbed part ofg 00 equal to
Cosmological non-linear hydrodynamics with post-Newtonian corrections zero [1, 10] . However, if we take P i |i ≡ 0 as the temporal gauge condition, we have ξ (4)0 = 0; thus the temporal gauge condition is fixed completely. In fact, from the gauge transformation properties of Φ and P i we can make the following combinations:
which are invariant under the temporal gauge transformation, i.e. temporally gauge invariant. Meanwhile, U and V are already temporally gauge invariant. Since our spatial C-gauge also has removed the spatial gauge transformation function completely, we can relate each remaining variable to a unique (spatially and temporally) gauge-invariant combination. Thus, in this sense, we can equivalently regard all our remaining variables as gauge-invariant ones. For example, from equations (174)- (179) we can show that
where we ignored K terms considering their O −2 higher order nature. Thus,
is spatially gauge invariant and becomes P i under the spatial C-gauge. This implies that P i under the spatial C-gauge is equivalent to a unique gauge-invariant combination
Similarly, in the case of the temporal gauge, from equation (181) we can show that ΔΦ under the P i |i = 0 gauge is the same as a unique gauge-invariant combination ΔΦ + · . In this sense, under gauge conditions which fix the gauge mode completely, the remaining variables can be regarded as equivalently gauge-invariant ones with corresponding gauge-invariant combinations.
In equation (1) we began our 1PN analysis by choosing the spatial C-gauge
On examining equations (174)-(179) we notice that the spatial C-gauge is most economic in fixing the spatial gauge mode completely without due alternative. In this sense the spatial C-gauge can be regarded as a unique choice and we do not lose any mathematical convenience by taking this spatial gauge condition. In the literature these conditions are often expressed in the following forms. The spatial component of the harmonic gauge condition sets the 1PN part of
equal to zero. We can also set the 1PN part of
equal to zero. In either case we arrive at equation (183); we note that in equations (184) and (185) we assumed a flat (K = 0) background. We have shown that under the conditions in equation (183), the spatial gauge transformation is fixed completely without losing any generality or convenience. Meanwhile, we have not chosen the temporal gauge condition which can be best achieved by imposing a condition on P i |i . We may call this a gauge-ready strategy because our equations are arranged so that we can readily impose many interesting temporal gauge conditions [25, 10] . It is convenient to choose this remaining temporal gauge condition
Cosmological non-linear hydrodynamics with post-Newtonian corrections depending on the problem that we encounter; or to try many different ones in order to find the most suitable one or ones. Now, let us consider the gauge transformation property of the energy-momentum tensor. We set ξ (2)0 ≡ 0. The gauge transformation property of equation (157) applied to the energy-momentum tensor in equation (21) 
Equations (186) and (187) follow from the transformation property ofT 00 ; equations (188) and (189) follow fromT 0i ; equations (190) and (191) follow fromT ij . The transformation functions (2) and v
are not determined; see below. If we take the spatial C-gauge, i.e. set ξ
Thus, we haveˆ
Although the gauge transformation properties of and Π are not determined individually, the energy density μ ≡ (1 + Π/c 2 ) is gauge invariant under our C-gauge. For vanishing Π we have 
We can check that up to the 1PN order Einstein's equations and the energy and momentum conservation equations in section 4 are invariant under the gauge transformation. In the following we introduce several temporal gauge conditions each of
Cosmological non-linear hydrodynamics with post-Newtonian corrections which fixes the temporal gauge mode completely. In relativistic gravity, gauge conditions consist of four non-tensorial relations imposed on the metric tensor or the energymomentum tensor. Our purpose is to employ the temporal gauge (slicing) condition to make the resulting equations simple for mathematical/numerical treatment. The spatial C-gauge takes care of three spatial gauge degrees of freedom. Depending on the situation we can also take alternative spatial gauge conditions for that purpose. In the following we impose the spatial C-gauge in equation (183).
Chandrasekhar's gauge
Chandrasekhar's temporal gauge condition in his equation (24) of [5] corresponds to setting the 1PN part of
equal to zero; in the literature this is often called the 'standard PN gauge' [30] . We take
as 'Chandrasekhar's gauge'. We used the freedom to add an arbitrary m(ȧ/a)U term with m, a real number. In this case equations (119) and (120) give
Therefore, U, P i , and Φ are determined by equations (121), (197) , and (198), respectively. The variableU can be determined from equation (122). This completes our 1PN scheme based on Chandrasekhar's gauge. When we handle this complete set of 1PN equations numerically, we should monitor whether the chosen gauge condition is satisfied always; this could be used to check the numerical accuracy.
Uniform-expansion gauge
The expansion scalar of the normal-frame vector,θ ≡ñ 
can be naturally called the 'uniform-expansion gauge'. In the literature it is often called the 'ADM gauge' [30] , or the 'maximal slicing condition' in numerical relativity [36] . This condition corresponds to the m = 3 case of Chandrasekhar's gauge in equation (196) .
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Transverse-shear gauge
The shear of the normal-frame vector is given in equation (42) . Thus, the gauge condition
can be called the 'transverse-shear gauge'. In this case equations (119) and (120) give
Therefore, U, P i , and Φ are determined by equations (121), (201), and (202), respectively. TheU andÜ terms can be determined using the Poisson-type equations in equations (122) and (123).
Harmonic gauge
The well-known 'harmonic gauge' condition sets the 1PN part of equation (203) equal to zero; thus we take
where we used the freedom to add an arbitrary m(ȧ/a)U term. Combined with equation (184) the full harmonic gauge condition can be expressed by setting the 1PN parts ofg abΓc ab equal to zero. The harmonic gauge condition is frequently used in the context of gravitational waves. In the cosmological perturbation approach, however, the harmonic gauge (often called the de Donder gauge) is known to be a bad choice because the condition involves time derivatives of the metric variables; this leads to an incomplete gauge fixing and consequently we would have to handle higher order differential equations which is an unnecessary complication; see the appendix in [37] . In this gauge equations (119) and (120) give
Therefore, U, P i , and Φ are determined by equations (121), (205), and (206), respectively. TheU andÜ terms can be determined from equations (122) 
and thus
and equation (206) can be written as , and for K = 0, Δ becomes the ordinary Laplacian in flat space.) Apparently, the wave speed of the metric (potential) can take an arbitrary value depending on the temporal gauge condition that we choose. For example, if we take
as the gauge condition, with n and m real numbers, equations (119) and (120) give
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In this case, for n ≥ 3, the speed of propagation corresponds to
which can take an arbitrary value depending on our choice of the value of n. It becomes c for n = 4 (e.g., the harmonic gauge), and infinity for n = 3 (e.g., Chandrasekhar's gauge and the uniform-expansion gauge). In the case of the transverse-shear gauge we have n = 0; thus equation (202) 
Transformations between different gauges
Now, let us show how we can relate the equations and solutions known in one gauge condition to the ones in any other gauge condition. Our spatial C-gauge condition already fixed the gauge transformation function ξ
≡ 0, and we have ξ (2)0 ≡ 0. Under the remaining (temporal) gauge transformation
we haveΦ
and all the other variables are gauge invariant.
As an example, let us consider the two gauge conditions used in sections 6.4 and 6.5. Let x a denote coordinates in the transverse-shear gauge in section 6.4, andx a denote coordinates in the harmonic gauge in section 6.5. Thus, we have P i |i ≡ 0 in x a , and
Thus, when we transform the result known in the transverse-shear gauge to the harmonic gauge, we use equation (215) with ξ (4)0 given in equation (217). All the other variables are invariant under the gauge transformation. We can show that under this transformation equations (201) and (202) become equations (205) and (206), respectively. In this way, if we know solutions in any gauge condition the rest of the solutions in other gauge conditions can be simply derived without solving the equations again. Thus, as in other gauge theories (like the Maxwell or Yang-Mills theories) the gauge condition should be strategically deployed to our advantage in handling the problem mathematically.
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Propagation of Weyl tensor
In section 6.5 we have shown that the propagation speed of the gravitational potential, U or U, depends on the temporal gauge (hypersurface) condition; see equation (212). One may wonder about what the physical propagation speed of the gravity is. We naively know that the answer must be the speed of light in Einstein's gravity. It is well known that the speed of the gravitational waves is the speed of the light. What we are referring to as the propagation speed of gravity differs from that of the gravitational waves. Following a suggestion by Lev Kofman [38] we present a wave equation for the electric part of the Weyl tensor which is a gauge-invariant combination of the potentials U and V . We will show that the wave equation of E ij shows that E ij propagates with the speed of light.
where the indices of E ij and H ij are based on γ ij as the metric. From equations (32) and (33) we have
where symmetrization symbols apply only over i and j indices. Although, we have V = U, we keep V in this section. From the gauge transformation properties in equations (160), (162), and (166) we can show that E ij is gauge invariant to 1PN order; this must be true to all orders, albeit that in the present work we have only shown this explicitly up to the 1PN order. Although the Weyl tensor includes the gravitational waves, in the post-Newtonian approximation the gravitational waves start contributing from 2.5PN order [8] .
The covariant equations for the Weyl tensor are presented in equations (34)- (37) . Equations (36) and (37) givė
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Cosmological non-linear hydrodynamics with post-Newtonian corrections perturbation analysis is applicable in the strong (fully relativistic) gravity regime and on all cosmological scales as long as the perturbations are linear or weakly non-linear. Meanwhile, in the PN approach, by assuming weak gravitational fields and slow motions, we try to provide the general relativistic correction terms for the Newtonian equations of motion. Thus, in the PN approach, in fact, we abandon the geometric spirit of general relativity and recover the concept of absolute space and absolute time. Although this could be regarded as a shortcoming of the PN approach, in this way it provides the relativistic effects in the forms of correction terms for the well-known Newtonian equations, thus enabling us to use simpler conventional (numerical) treatment. We expand the metric and the energy-momentum variables in powers of v/c in a given background spacetime. In a nearly virialized system we have GM/(Rc 2 ) ∼ (v/c) 2 which is assumed to be small. Thus, no strong gravity situation is allowed and the results are valid inside the horizon GM/(Rc 2 ) ∼ R/(c/H) < 1. Unlike in the perturbation approach, however, the resulting equations in the 1PN approximation can be regarded as fully non-linear. Thus, we have
PN approximation Relativistic perturbation Weakly relativistic Fully relativistic Fully non-linear
Weakly non-linear and the two approaches are complementary for understanding the relativistic non-linear evolution stage of the cosmological structures. As in the perturbation case, even in our cosmological PN approach we assume the presence of a Robertson-Walker cosmological background.
In our PN approach, we assumed the presence of the Robertson-Walker spacetime as the cosmological background metric, and subtracted the equations of the Friedmann world model; see section 4.1. Notice that our background world model includes the background curvature, the cosmological constant, and the pressure. To the 0PN order we exactly recovered the well-known Newtonian hydrodynamic equations including the energy equation with the internal energy, flux, and stresses; see section 4.2. Compared with Newton's gravity, our Poisson's equation in equation (108) is an improved version in which the background density is subtracted. Our 1PN order metric and equations are summarized in section 4.3. At this point, one may wonder whether subtracting the background world model is necessary. Here we remind the reader that Chandrasekhar's original work in [5] and most of the conventionally known PN approximations are based on the Minkowski background. Subtracting the background world model is an important step in our cosmological PN approximation. Often in the literature 'averaging' and 'back-reaction' prescriptions are made in the relativistic perturbation approach. Although the linear perturbations are supposed to cancel out on average, the non-linear perturbations are supposed to give non-vanishing net contributions after the averages, and those are often reinterpreted as renormalized parameters of the background world model; we are, however, not aware whether the concepts of averaging and back-reaction prescriptions used in the literature are well established. At the moment, we do not know how to, or whether we could, handle properly the effects of PN corrections to the background cosmological model. In this context, our equations (57)-(70) and (78)-(80) are presented to 1PN order without subtracting
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Cosmological non-linear hydrodynamics with post-Newtonian corrections equations of the background world model; in particular; see equations (57), (60), (62), (78), and (80).
As we have summarized in the introduction, our studies of the weakly non-linear regime of a zero-pressure cosmological medium showed that the Newtonian equations are quite successful even near the horizon scale where the fluctuations are supposed to be near the linear stage. We have shown that to the second order in perturbations, except for the presence of gravitational waves, the relativistic equations of zero-pressure irrotational fluids coincide exactly with the Newtonian ones [10] - [12] . The pure relativistic correction terms appearing in the third order are smaller than the relativistic/Newtonian secondorder terms by a factor of the 'perturbed Newtonian gravitational potential divided by c 2 ', i.e., ∼δΦ/c 2 ∼ GM/(Rc 2 ), which is small in nearly all scales inside the horizon. The third-order correction terms are also small as compared with the second-order terms by a factor δΦ/c 2 ∼ δT /T ∼ 10 −5 near the horizon due to the low level of temperature anisotropies of CMB, and thus negligible [13, 14] . Furthermore, the relativistic corrections are independent of the presence of the horizon scale in the relativistic world model. Still, we would like to emphasize that, although the terms themselves are small, in [12] - [14] we did find a substantial number of pure general relativistic correction terms appearing from the pressure, rotation, gravitational waves, and the background curvature to the second order, and the pure relativistic corrections terms appearing in the third order in the zero-pressure fluids.
Considering the action-at-a-distance nature of the Newtonian gravity theory it is important to check the domain of validity of the Newtonian theory in the non-linear evolution of cosmological structures. The PN approach provides a way to find the relativistic effects in such a regime. We anticipate that the propagating nature of the gravitational field with finite speed in relativistic gravity theory, compared with the instantaneous propagation in Newton's theory, could lead to accumulative (or secular) relativistic effects. In order to estimate relativistic effects it would be appropriate to consider a single cold dark matter component as a zero-pressure fluid without internal energy. In such a case our equations in section 4.4 with p = 0 = Π and the metric variables U, Φ, and P i presented in various gauge conditions in table 1 would provide a complete set of equations expressed in various forms.
In order to properly estimate the relativistic effects in the evolution of large-scale cosmic structures we have to implement our equations in a hydrodynamic cosmological numerical simulation. The 1PN correction terms are (v/c) 2 or GM/(Rc 2 ) ∼ δΦ/c 2 orders smaller than the Newtonian terms. In Newtonian numerical simulations the maximum large-scale velocity field of a cluster flow reaches nearly 3000 km s −1 and the typical value for the velocity is about an order of magnitude smaller than this [39] . Thus, we may estimate the 1PN correction terms to be of the order (v/c) 2 
10
−6 -10 −4 , that is, quite small.
The current large-scale structures are still near the linear regime, and due to the enhanced amplitude of the initial mass power spectrum in the small scale the gravitational evolution causes non-linear regions to begin in the small scale and to propagate to larger scales [40] . The current belief is that in small-scale structures, where the non-linearity is important, the dynamical timescale is much longer than the light travel time over this scale; thus the time-delay effect from relativistic gravity is not important. The 1PN order relativistic effects could be important in the tidal interactions among clusters of galaxies,
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Cosmological non-linear hydrodynamics with post-Newtonian corrections where the dynamical timescale could become substantial compared with the light crossing time of the scales involved [35] .
We can perform numerical simulations based on any two different gauge conditions. The results should coincide after making a gauge transformation between the two gauges as in section 6.6. Also, the two simulations should give identical results for any given gauge-invariant variable. These might provide a way to check the numerical accuracy of the simulations. Analyses based on different gauge conditions would lead to different results; this is because a given variable evaluated in two different gauges is actually two different variables, unless the original variable is gauge invariant. Even for the temporal gauge condition (after fixing the spatial C-gauge) there are infinitely many different gauge conditions available. Since each of the gauge conditions displayed in sections 6.2-6.5, summarized in table 1, fixes the temporal gauge mode completely (and the spatial gauge modes are already completely fixed by our spatial C-gauge), all remaining variables are equivalently gauge invariant. Thus, apparently, the gauge invariance does not guarantee associating the variables with physically measurable quantities. The identification of physically measurable quantities out of infinitely many gauge-invariant candidates is still an open issue which remains to be addressed. The gauge invariance ensures that the value should not depend on the gauge that we take and this fact can be used to check and control the numerical accuracy of the simulations.
In a related context, we have shown that the propagation speed of the gravitational potential depends on the temporal gauge condition that we take; see equation (213). A similar situation occurs in classical electrodynamics. The propagation speeds of the electromagnetic scalar and vector potentials are the speed of light c in the Lorenz gauge, whereas that of scalar potential becomes infinite in the Coulomb gauge. In electromagnetism the issue is well resolved by showing that the electric and magnetic fields propagate with speed c independently of the gauge condition adopted [41] . In our 1PN approach, we have resolved the issue quite similarly to in the electromagnetism case. That is, in section 7 we have shown that the electric part of the Weyl tensor propagates with speed c independently of the gauge condition adopted which is natural because the Weyl tensor is gauge invariant. One noticeable difference compared to the electromagnetism case is that our 1PN approach addresses fully non-linear gravitational dynamics whereas electromagnetism concerns linear processes.
The referee has pointed out that the cosmological weak lensing [42] is now considered as one of the most promising methods for carrying out precision cosmology and various future surveys are being planned: SNAP (SuperNova Acceleration Probe), LSST (Large Synoptic Survey Telescope), etc. When we study the general relativistic effects in the cosmological structure formation process, indeed, it is likely that the weak gravitational lensing effects would be more promising observationally than the interactions among gravitational bodies.
The conventional gravitational lens effect (including the weak lens) already considers part of the 1PN metric with a consequent difference of a factor of two from the pure quasi-Newtonian calculation; see equation (149). In section 5 we presented the null geodesic equations in the cosmological 1PN spacetime and the geodesic equation of a massive particle; the full 1PN order metric is in equation (110) and the null geodesic equation to 1PN order can be found in equations (146)-(148), respectively. Applications will be made in a later work.
